
We are going to learn something about the most important mathematical
constant

π

which is the ratio of the circumference of a circle to its diameter. It is approx-
imately

π ≈ 3.14159265359.

In more decimals

π ≈ 3.14159265358979323846264338327950288419716939937510.

Here are the first one thousand digits of π.

1. Does your calculator or cellphone compute π? It is OK if not.
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2. Complete the following table, relating the circumference of a circle to the
length of its diameter.

diameter (in meters) circumference (in meters)
1
2
5

3. π is also the ratio of the area of a circle to the square of its radius. Complete
the following table, relating the area of a circle to the length of its radius.

radius (in meters) area (in square meters)
1
2

54
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4. Archimedes computed π by approximating the circumference of circle by in-
scribed and circumscribed regular polygons. Here is his method.

Start with initial values
C1 = 4, I1 = 2

√
2,

and let for each n > 1

Cn+1 =
2CnIn
Cn + In

, In+1 =
√
Cn+1In.

For example

C2 =
2C1I1

C1 + I1
, I2 =

√
C2I1,

C3 =
2C2I2

C2 + I2
, I3 =

√
C3I2,

C4 =
2C3I3

C3 + I3
, I4 =

√
C4I3.

Complete the following table, using your calculator.

n Cn In
1
2
3
4
5

Are you getting better and better approximations for π through numbers
C1,C2,C3, ...?

What about I1, I2, I3, ...?
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5. Ramanujan, an Indian mathematicien, found the following elegant formula
for computing π.

π =

9801
2
√

2∞∑
n=0

(4n)! (1103+26390n)
(n!)4(396)4n

.

By this I mean π can be approximated successively by the following numbers
which I ask you to compute using your calculator.

π ≈
9801
2
√

2

1103
=

π ≈
9801
2
√

2

1103 + (1×2×3×4)×(1103+26390)
14×3964

=

π ≈
9801
2
√

2

1103 + (1×2×3×4)×(1103+26390)
14×3964 + (1×2×3×···×8)×(1103+26390×2)

(1×2)4×3968

=

Are you getting better and better approximations for π?
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6. Lord Brouncker found the following approximation for π by continued frac-
tions.

π =
4

1 + 12

3+ 22

5+ 32
7+···

By this I mean π can be approximate successively by the following numbers
which I ask you to compute using your calculator.

π ≈ 4
1 + 12

3

=

π ≈ 4
1 + 12

3+ 22
5

=

π ≈ 4
1 + 12

3+ 22

5+ 32
7

=

Are you getting better and better approximations for π?

What is the next approximation in this method? Compute it with your calcu-
lator.

5



Congradulations for completing the previous activities! The next two activ-
ities are for those of you who know some very elementary triginometry. It
justifies the Archimedes method (used in activity 4) to approxomate π.

Fix a circle of unit diameter, and let n > 3 be an arbitrary natural number.
The idea is to approximate the circumference of this circle (which equals π)
by the circumference of regular n sided polygons inscribed and circumscribed
in our circle.

7. Let C and I, respectively, denote the circumference of the circumscribed and
inscribed regular n-gons in our circle. Can you find a formula for C and I,
relating them to n?

(Hint: concentrate on one edge of your polygon; use trigonometric functions sin
and tan; maybe it helps to look at the answer in the footnote1.)

1Answer: C = n tan π
n

, and I = n sin π
n

.
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8. Let C ′ and I ′, respectively, denote the circumference of the circumscribed and
inscribed regular 2n-gons in our circle. By the previous activity you know that

C = n tan
π

n
, I = n sin

π

n
, C ′ = 2n tan

π

2n
, I ′ = 2n sin

π

2n
.

Can you prove the follwoing two formulas?

C ′ =
2CI
C+ I

, I ′ =
√
C ′I.

(Hint: for the first one, start from 2CI
C+I

= 2
1
C+ 1

I

, and use trigonometric identity
sinθ

1+cosθ = tan θ
2 ; for the second one, start from

√
C ′I and use trigonometric

identity sin(2θ) = 2 sin θ · cos θ.)
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