
WUSTL Math Circle

Approximating π by Experiment



We are going to approximate the most important constant in mathematics

π

which is the ratio of a circle’s circumference to its diameter. It is approximately

π ≈ 3.14.

In more decimals

π ≈ 3.14159265358979323846264338327950288419716939937510.

Here are the first one thousand digits of π.

This decimal expansion never ends and has no repeating pattern. Today we use different phys-
ical experiments to approximate π.

2



1. By definition, π is the ratio of a circle’s circumference to its diameter. This suggests the following
experiment to approximate π.

Choose a cotton thread, of whatever length. Measure its length L. Then make the best circle
you can make out of your thread, and measure its diameter d. Now you can approximate π by

π ≈ L

d
.

2. Do this experiment with several different threads. Record your estimations for π. Find the
average of your records.

3



3. Another very common definition of π is the ratio of a circle’s area to the square of its radius.
This suggests the following experiment to approximate π.

I give you a graph paper. You decide on a lattice point, and by a compass draw a circle centered
at your lattice point and radius some integer unit. Count the number N of unit squares inside
your circle. Now you can approximate π by

π ≈ N

r2 .

For example in the following figure, my radius is 6 units, and there are approximately 13 unit
squares inside the circle. This gives the approximation π ≈ 112

(6)2 = 3.1.

4. Try to do it with several different circles. Record your estimations for π. The larger your radius,
and the more refined scales you use, the better becomes your estimation. Find the average of
your records.
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A pendulum is a weight suspended from a pivot so that it can swing freely. When a pendulum is
displaced sideways from its resting, it oscillates about the equilibrium position, swinging back
and forth. The time for one complete cycle, a left swing and a right swing, is called the period.
For small initial displacements, the period T of a pendulum of length l is given by

T = 2π

√
l

g
, (1)

where g is the Earth’s gravitational acceleration.

5. Let us first approximate g. To do this, release a small mass from a height above the ground, and
measure the time it takes for the mass to hit the ground. Then g is given by

g =
2 × height

(hitting time)2 .

(It does not matter what units you use for measuring height ot time; but whatever unit you
decide on, use it for the rest of your experiments with pendulum.) Use this experiment several
times, and record your estimates for g. Find their average.
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6. Now we build a large pendulum in the room hanging from the ceiling. We measure its length
and period. Now put all these values together with your estimation for g (from the previous
activity) in formula (1) to estimate π:

π ≈ period
2

√
g

length
.
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7. It can be shown that the probability that two randomly chosen integers have no common prime
factor is 6

π2 .1 This suggests the following experiment to approximate π.

I ask each of you to choose two random positive integers, whatever numbers you like. Then you
should figure out whether your pair have common prime factors or not. You can do this by hand
or use https://www.wolframalpha.com/, and enter the following question in its command line:

Are YOUR FIRST NUMBER and YOUR SECOND NUMBER relatively prime?

8. If we have N pairs of integers, and M of our pairs have no common prime factor, then

π ≈
√

6N
M

.

1An elementary proof you can find in the book Challenging Mathematical Problems with Elementary Solutions, A. M.
Yaglom and I. M. Yaglom, Dover Publications, 1964, Volume I, Problems 92-3.
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9. It can be shown that2:

If a short needle, of length l, is dropped on paper that is ruled with equally spaced
lines of distance d > l, then the probability that the needle comes to lie in a position
where it crosses one of the lines is exactly 2l

πd
.

This suggests the following experiment to approximate π.

I give you a single lined paper and a small wood stick. You throw the stick on the paper several
times (the more the better), count the number of times the stick crosses the lines. This gives
you the approximation

π ≈ 2 × stick length × number of throws
distance between lines × number of crossings

.

2Several proofs for this fact you can find in the book Proofs from the Book, M. Aigner and G. Ziegler, Springer Verlag,
2010, Edition 4, Chapter 24.
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10. A challenging problem for those of you of higher education is to justify the formulas in activity
9, or even 7.
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